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roduction

Richardson's method is used to solve iteratively matrix equations

the type
Lu = f,

re L 1s a symmetric matrix with positive eigenvalues. In applications
his method one needs the values of the lowest eigenvalue A1 of L and
spectral norm o(L) of L. For ill-conditioned matrices L, i.e.

) > K1, the rate of convergence is very slow and an accelerating
:ess 1s highly desirable. In reference [Bj Frank described two
:lerations of Richardson's method. However, when tried on a computer
method turned out to be unsatisfactory.

In this paper a different accelerating procedure is proposed which
used successfully on a computer. One advantage over Richardson's
10d 1s the fact that no apriori knowledge of the first eigenvalue K1
leeded. This eigenvalue 1s estimated during the first phase of the
od. Further, one or more negative eigenvalues A of L are also ad-
ed.

. consequence the method can also be used to estimate the smallest
nvalues of symmetric matrices L.

he last section the process is adapted to find upper and lower

ds for the estimated eigenvalues.,

This paper contains theoretical results only. There will appear
cond paper in the near future dealing with applications of this
od to elliptic boundary value problems wherein numerical results

given.




finition of iterative processes

In this section we give definitions concerning iterative methods

olving the matrix equation
Lu = £,

L 1s a symmetric matrix, u the unknown vector and f a known

r. For a detailed discussion of these definitions we refer to the
ature [?I (see also the appendix to this paper).

.1) we associate the following iterative process

u = (o

- - ka)uk + (1 = Ock)uk_,s + wkf, k=1, 2, ...

the vectors U and u, are the beginapproximations of the process.

the sequence Wes Upqgo oo converges, the limitvector will be the
ton of (1.1).

terative scheme (1.2) is called of first degree (or order) if

1 for all k, and of second degree if o # 1. We shall consider

y non-stationary or semi-iterative processes 1.e. the parameters

1 w_ depend on k. It 1s convenient to write

k
uk =u + Vk’
v, can be considered as the error of the approximation Uy - Then
;isfies the homogeneous recurrence relation
= - Jv. o+ - a, .
Vipr = A0 T oLy + (0 -y v

suppose that v, 1s obtained from Vo &8s v, = (1 = woL)vO, l.e.
dlying to vy an operator which i1s linear in L then Vi 1s obtained

‘0 by applying a polynomial-operator of degree k in L. Thus we

*ite

u, =u+ Pk(L)vO.

mection with this expression one defines the average rate of

rgence for K iterations of the iteration process (1.5) as the

ity [2]




1n o(PK(L))

6) R(K) = - —s

re O(PK(L)) 1s the spectral norm of the matrix PK(L).
the following sections we construct polynomials PK(L) with small
ctral norms, which can be used to obtain fast converging iterative

emes.

Richardson's method

We shall briefly describe Richardson's method for positive
inite matrices L. For a more detalled discussion we refer again
the literature Eﬂ.

When in the polynomial operator PK(L) the operator L is replaced
the real variable A, we obtain a real polynomial PK(A) with the

1, 25 «os, M, where Ai is an eigenvalue of L. In figure 1 the

perty PK(O) = 1. The eigenvalues of P_(L) are given by P
s on the curve PK(A) correspond to the eigenvalues PK(Ai). In this

tion we assume that 0 < A Sy s e E-AM = o(L).

-
e

fig. 1




If we know the elgenvalues ki,‘we may take the zeros of PK(A) to
coincide with the values A = Ai’ resulting in a zero spectral norm

for PK(L). In actual application, however, there exists a large number
of eigenvalues Ai, thus we must perform many iterations. Moreover in
most cases we only have a rough estimate for the first eigenvalue A1
and the last eigenvalue AM = o(L).

Another method to keep O(PK(L)) small 1s to minimize the polvnomial

(A) over the continuous interval i}. O(L)I. For this we only need

PK 7°
to know the first and last eigenvalue of L.
Richardson (1910) [Ej chose the zeros of PK(A) to coincide with
o(L) - Aq
1 K+ 1
but there is a better operator PK(L), based on the following theorem

of W. Markoff (cited in [2]).

Theorem I. The polynomial

T )
K b - a
CK(aabaA) = _ b + = ) s
K b - a

cos(K arccos y) for |y|
where TK(y) = cos(K arccos y) =
cosh(K arccosh y) for |v|

has, of all the polynomials P_(A) of degree K in X satisfylng

K
PK(O) = 1, a minimal maximum-norm over the interval a < A < t

The function TK(y) is the Chebyshef-polynomial of degree K.

One defines the Richardson method with respect to the operator L by the

formulae

(2.1) PK(L) = CK(a,b,L) , a = x,] , b =o0(L).

For applications we must know the expressions for the parameters o and
w, « First we consider the linear Richardson method 1.e. o, = 1. The

k
zeros of PK(A) are given by

k




n
—

A= 1/w K=0, 1, «oo, K=1,

k 9

) CK(a,b,X) assumes a zero value for the points

21+1

3) A= (a+b)+—;-(a—’b) cos—éi—ﬂ, 1=0474e00,K=1.

1
2

ce the parameters Wy (the so-called relaxation parameters) are giv

the following values

21+1
2K

L) (%-(a + D) + %—(a - b) cos ( ﬂ))_ » 1=0,1,,..,K=1

re a = A1, b = o(L) and ¥ is not necessarily equal to 1.

t we consider the non-linear process with ay 1.

polynomials Pk(k) must satisfy the relation

5) P (A) = (0, - w A)Pk(x) + (1 - a

KT Kk T Y P (M),

k) k-1

ained from (i1.4) by constituting v, = PK<L)VO and replacing L with

k
the other hand we derive from the well-known recurrence relation

6) Tk+’l(‘V) = 2y Tk(y) - Tk_1(y) » k> 1,
following formula for Ck(a,b,A)

T, (y,)

) , . , LA k'O .
T) C, . .la,b,A) = (2y, - ) . C, (a,b,X)
k+1 > 0 b-a Tk+1(y0> k

i 2o T (o) = Tpyy () C (ebin)
) E R 9
Tesr (Fg) k-1

re y, = (b +a)/(b-a)and k > 1.

we define for k > 1

<o Tk(vo) Lok Tk(yo)
SV T e = - )
k 0T, (yy) kob-al ()

relations (2.5) and (2.7) are exactly the same. Therefore, if

Po(A) =1, P.(A) =1 - T T s




ytain polynomials Pk(k), which are ident:zcal to the polynomials

b,\) for every k. Putting a = A, and b = o(L) we get Richardson's

yd of the second degree.

inear form of Richardson's method was first used by Young (1953)
It has the advantage 1n being simple and 1t requires less storage
> than the second degree iteration scheme. The numerical stability
rer, depends strongly on the distribution of the relaxation para-
S W, particularly when K is large. Young avoids this problem by
iting the iteration process with relaxation parameters {wk}i;é

y stable order of k, but this reduces the average rate of conver-
> (section 3).

forthcoming paper we shall discuss the dependence of the stabilit:
1e distribution of the relaxation parameters.

1on-linear case was developed by Varga (1957) E?j and tested by

z (1960) Eﬂ. This procedure 1s obviously stable 1f Ai > 0 for

i. Further one needs no apriori knowledge of K as was required in

first order process.

he rate of convergence

According to the definltion of the operator CK\a,b,L) we have

, . -1 ,b + a
O\CK(a,b,L)) :TK (,b —

)

~

large K we find (approximately)

‘ ‘bta, _ : bta oo 1 . bta . .
) TK (b—a) = cosh (XK arcosh (E:g)) =3 exp(K arcosh (B:g))’
o =1 b+a, .
In(T (=) )
. K b-a - . b+a,. 1ln 2
> = - —_— -
) R(K) Z. 7 arcosh (b-a) e .

ing a = Aj and b = o(L) we obtain a lower bound for the average

of convergence for K iterations of Richardson's method.

onsider the behaviour of R(«) as a function of Vg = {(b+a)/({b=a).
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m figure 2 we see that the asymptotic rate of convergence has the
'gest 1lncrease in the neighbourhood of Vo = 1.

a << b the term 1n 2/K decreases the rate of convergence considera
actual computation. Hence K must be as large as possible. This is
son that repeating the iteration process with a lower K is very di
antageous for the average rate of convergence. For example, repeat
hardson's process over K/3 iterations three times yields an averag

e of convergence for K iterations which is given by

b + a. ln 2
b-al "3 K

R(K) > arccosh (

The elimination method

In this section we propose a variation of Richardson's method,
ch has a considerably larger asymptotic rate of convergence and
ch i1s applicable not only to positive matrix equations but also to

ations where L may have negative eigenvalues as well.




P_(a,b,\)
K /\5 2

fig. 3

The essence of the method is the reduction of the late eigen-
sions of L corresponding to eigenvalues A 1inside the interval
I, where a > A1 and a > 0, followed by the elimination of the
ining eigenfunctions of L. This may be achieved by means of an
1tor CK(a,b,L) and an elimilnation operator EKw(L), where the
awvalues Ai outside the interval {g,p] are zeros of EKT(X).
K*(L).

(1.6) and (3.2) we derive the average rate of convergence for

5 the degree of the operator E

Jv

method

n K arccosh Yo * in O(EK*J + 1n 2
R(K + K ) = arccosh y, - >

~—

ol

K + K

(1))

Vo = (b+a)/(b-a).

1 Richardson's method, we choose b = o(L).

~

>w discuss the value of a for A1 > 0 and A1 << b: The asymptotic
of convergence for k - = of the elimination metho% isx
bta. : n L T
osh (%—2). For Richardson's method it 1s arccosh (Er:~7—ﬁ.
1

o

= nAT, then we find for not too large values of' n




arccosh (2—2) s\/&
b - a . b _
2) b+ A = NP
n ( ?) AT
arccos (—"—‘—',b ~ )\1 P b,

S using instead of a = Aq the value a = nXT, we galn a factor \f51
the asymptotic rate of convergence. However, the number of eigen-

ctions to be eliminated becomes larger for increasing n. In practice
optimal value for n is determined from the distribution of the

er eigenvalues of L, bearing in mind that the gainfactor increases

t rapidly for small values of n.

Next we consider the elimination of the lower eigenfunctions of L.
assume that the eigenvalues of the eigenfunctions to be eliminated
known (see the following section). Suppose we wish to eliminate
eigenfunction e: with eigenvalue Xi. This may be done by means

an operator E *{Ai,L) of degree K;'in L, satisfying the conditions

£

this connection the following is useful.

orem II. The polynomial EK*(Ai,A) defined by

1

EK""(klsf\) = CK"'(aiaba)‘))
1 1
m
A+ —_— -
_ 2 5 b (cos QK; 1)
) a. =

1

satisfies the conditions (4.3).
Of all polynomials of degree Kz>satisfying (4L.3), this
polynomial has the smallest maximum-norm over the interval

Ei,bl when




10

-&Yi(i - \/’1 + 8/yi) < cor ”*i%yi(l + \/ri— s

where v = (b - ci)/(b - Ai).

clear that EKz(Ai,O) = 1.
econd condition of (4.3) follows from the fact that the Zerc

* ©
‘i,b,x) are given by

A= l—(b + a?j - l-(b -'afﬁcos (2n+1) —lf , n=0,1,.
2 1 2 1 *
QKi

mallest zero 1s assumed for n = O. Substituting (4.4) into (
Kd(Ai’A)'
1

ove the minimax-property we assume the existence of a polyno

utting n = 0 gives Ai as the first zero of E

) of degree Kz’in A satisfying (4.3) and the lnequality

s~ 1T < [eal,0,0) ],
1 1

|| || means the maximum-norm over the interval {}i,Bj.
ler the polynomial

0(1) = 8(1) - C

K V(ai,b,k).

K.
1 1

1as positive values for those points of the interval |§i,bl,

b £l o o . 9 - 3 N 3

L,b,A) 1s minimal and negative values in the points Where

€ E 3 o
L,‘b,)x) 1s maximal.
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fig. 3a fig. 3b

DKf{az;b,A) has n extrema in the interval [;i’b]’ then Q(A) has
Leésty(n—i) zeros 1n the interval [Ei,bj. The first extremum 1s

umed for the point A = az; the second for the point

-
~—

_ 1 LT 1 . g il
Aex =5 (b + al) -3 (b - ai)cos K*..
1

< ' lar ‘ T ex | i
bose c. Kex’ then CK_(al,b,A) has Kl extrema 1n the interval

,b], hence Q(A) has %K;:1) zeros in [Ei,ﬁj. In addition Q(A) has
other zeros in the points X = 0 and )\ = Ai (see (6.5)), therefore
) has (K;‘+ 1) different zeros. On the other hand Q(A) 1s at most

legree Ki’ implying at most Ki zeros. This contradiction eliminates

existence of a polynomial SK*(A). Hence the last part of the
. i
rem 1s proved.

l1ow prove that c, < Aex' Substituting (4.4) into (4.7) and writing

IE: as 2 cose-—iz - 1 yields
K. 2K

* 2 m

2(x; - b)eos™ —— + b cos — + b
* 2K 2K
v A= L = :
ex LI
cos —— + 1

g (4.7') the inequality c. < Aex becomes

2(b - Ai)cos2 —1:<— (b - ci)cos —1: - {b - ci) < 0.
2Ki 2Ki

. this inequalitv we find the second part of (4.5).
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lall now investigate condition (L.5) for large values of b (in
applications b is very larege with respect to ikij and cl).

>> |A:| and b >> c. we can approximate
1 1 -

. Ci - Ai
Y, o= 1 - 5
c., - A
) ~ 4 "1 1
T+ . = + — °
Vi 8/v; =3 3 T
ituting this into (4.5) we obtain
) -1 cos —— < 1 - g-cl _ Kl
2= 2K, 3®
1
uivalently
s 1 3b
) I <K bl P .
1 i

actice we want the minimax-property to be valid over the interval
. The eigenfuncties corresponding to eigenvalues outside the
val I}qtj need no reduction, since they may be eliminated success-—

. We find for K;.the condition

-

K_< m __Bb_._
1—

1

n a - Ai :

actice the value for K;.is determined by stability considerations
section 5) or by the requirement that the average rate of

rgence 1s as large as possible (section 6). Because of the usually
values of b, (4.8) is satisfied in most cases. If we use large

5 for K;>the operator EKf{Ai,L) st1ll eliminates the eigenfunction
it the theorem doesn't ifidicate if that operator 1s the "best"

;or to eliminate the eigenfunction ei.




h

:cond stability condition is
b > o(L).

eneral we cannot choose b = o(L) without violating (5.4). For large
es of 0(L) this condition reduces to

sl
)

1

30(L)

-1,
i

pare the derivation of (L.5")).
ently inequality (4.8) cannot be satisfied.

ptimal elimination operators

In this section we define the average rate of convergence with
2ct to the interval iéqu, i,e.

1n( Max CK(a,b,Ai))
aiaiib

X .
expression has the lower bound

1n| IcK(a,b,x) [

) I‘(O) = - K 3

: }’ [| means the maximum-norm over the interval [}qﬁj.

' application of the elimination operators EK*

(Xi,L), we have the
* bound *

N 1n||P (a,0,0) || + 1n||E~(1)]]
r(K ) = - K S

IR s

K+ K

expression is also a lower bound for the average rate of conver-

as defined in section 1, thus we want (6.2) to be as large as
ble.
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table elimination operators with respect to the interv

The danger of applying elimination operators (EV*{Ai,
i

ee is that they have large spectral-norms (O(EK*(Ai,L)
the effect of the minimizing operator CK(a,b,Li. We ¢

equiring that the elimination operators are stable, i.

o(EK‘i'(xi,L)) < 1.

2
stability condition is simply

a. > 0,

i
(L.4) we obtain for Ai << D

S

X
1

V

o‘l >

e
11K

":—l—l\

% m arccos—‘| (1 -2

~—

>

LV
smallest admissable value for Ki is given by

> . 1 b
Ki = entier (E-n\/ 7;) + 1,

) is satisfied for large values of b, if

~

a f_hk1.

2

stability condition is

(L.7') we find the relation

2X{ cos —Ef

2 m m
2 cos —— - cos — - 1
> ke
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We suppose that the eigenfunctions eT, €55 cees ei-1 are success-
v eliminated by the operators EKT{AW’L>’ EKZ(AQ,L), cees EK;-W(Ai-

average rate of convergence with respect to the interval iﬁ,pj is

ded below by

inflce || + 1nf[Eg~l| + ... + 1n||E~ ||

*~ 1 1-1

> . > ol .
e Si 1s defined by K_1 + ... + Ki for 1. =1, 2, ...
optimal value for the degree of the next elimination operator

Ai,L), with the onlv knowledge of the preceding KT; seey Ki i

pparently the value which maximizes the expression r(Si). In this
the average rate of convergence with respect to E@,ﬁ] remalins as g

ossible during the elimination process.

¥

rem III. The values of K:, i=1,2, «.., which maximize the

expressions r(S.) are defined by the inequalities

o T

(87+1) < 1
r o < n
i [

. - < r(s7).
EK;H(A:“L’“H *

f. Suppose Rz_is the value of Ki we are looking for, then an

ease of R:.by one yields a smaller value for r(S:), thus

~—

r(Si + 1) < r(Si).

y * _ P e
us write r(Si) =3 and r\Si + 1) = 3 = where
!IEK’i’H
p =1ln TE~_J7°> ¢~ T
K.+1
i
(6.4) we obtain
0 q°’

1 proves the right member of the inequalities of the theorem.

1e same way the other lnequality can be proved.

I
|
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We investigate the values of K;-defined by the theorem for large
s of K. In the same way as we derived (L.1) we find for r(SZ} the
:ssion

> T
S, arccosh y, + 1n 2 + lnilEKf¢]+...+ln|lEI

> 1

) r(Si) = arccosh y, -

=
K+ S.
1
* o N N o 3
>> Si only the first term remains i.e.

r(Si} = arccosh y .

° © "_ o
the foregoing theorem we obtain for Ki the relation

—arccosh Yo

i 1
:call that ifEK*wi is given by
1
- b cos — *t A
I RS TR 2Ky
Bl | = T (=) = Tpm (—— )
1 1 b—ai 1 1

aluation of the eigenvalues of L

In this section we give some methods to find the dominating eigen-
s of L during the iteration process.
In actual computation the iterates u, are known. They are related

e errors v, by the relation

W =u + v, =u + Pk(L)vO.

ng the difference Uepq = W We can eliminate the unknown function

U = oy = (P, (L) - Py (L))vy.

=K >> 1 and A < a we have




7

Ty, (X)) cosh (K ln(yg*Vyf - 1))
Ty,
K0 cosh (K ln(yo+\/yg - 1))

2)  Bd) = Cylasb,)) =

) y,i-én\/y?—’i K
= ( )
2 .
Yo * \/yo -1

. A
e v (M) =y -2

compare CK(a’b’Ai) with CK(a,b,A ). From (7.2) we obtain

. - 2' 4 5 K
v g+ Yy ) -

A1 < Xz the term between brackets 1s > 1, therefore, by choosing

.arge enough, C

K(a,b,A]) is strongly dominating. In that case we

re for k in the neighbourhood of K

w . -—u = (P .(x) =P

Kt 1 K re,

k+1 k(
re A 1s the dominating elgenvalue with eilgenfunction e.

ming the quotient

5 N - . i E)
k1 - [luy -
re || || denotes an arbitrary norm, we obtain the following funda-

tal formula

. [P (A) = Pk(A)[

f K+1
>) ey = ]PK(A) - P _!(A)| °

k

the first order Richardson process we have

Pk+]gx) = (1 - ka)PK(x) = (] - ka)(w - wk_1A)Pk_?(A).
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tituting this into (7.5) yields the estimate

1 e 41
Y1 .

) A =

he second order Richardson process we have for every k

(a,b,A). Substituting (7.2) into (7.5) results in the

e 2,
v, 00+ \00 -

Yey ~ .
yO + vo =1

ing this for X gives the estimate

- , T+ q§+1<yo + y§ - 1)?

) A= (b-a)lyy - —

2 0 >

2y o * Vg - 1)
g the formula
Vi V/oh2

) + 2—1:k axr b)

Yo Yo b-a ’

btain in terms of a and b

, 2 2 ]/fru
l.(b . (b-a )™ + qk+1(\/a + b)
2 , 2

29,,,(Ve + Vo)

1 . 22 ,
Iq e+ Vo Uepy T 2LDFRIG -
k+1

! ) A

1]

There is another independent method to estimate domin:
2s, which uses the relation Lu = f.

We define the quantities

|ILuk+1 - f [ |ILU.k—f]|

r = s .. =
k1 [u - [T 7 Tk [Tuy .y - |

~

on
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he quantities e and S,4q can be calculated during t

process. For sufficiently large k we have two more fu

(1) ] AP, (M) ]

[AP
k+1 s - /
(1) - PR(X)

| k+1(A) PR(A)I i k+1

I‘V —
k+1 |P -

S agaln the dominating eigenvalue.
the first order Richardson process we obtain from the

£ (7.9)

, =1
A= —— -7 o
+
wk k+1

1 relation of (7.9) results in an identity.

1e second order case we obtain the formulae

2 _ / NP 2.
Vo * Vg -1 =0+ 0y, (0) + Y/ vy (A) =1
. l/ 2, -t v \ 7 2

) : 2 . .
stitute yT(A) = Vo = 5= > We find the estimates

\/—-=—===-=v +1
Yo

b+ a -

k+1

(b - a)( Vool ¥ yo)—usk+]

f a and b we have finally
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\/ab - rk_i_ﬁﬂI

[1a) A = hr -
k+1 L2
(VG?— b/33 + hrk+1
]/ab -
11b) - Sl )

u5k+1 <\/;\+ V[Q)g _ 45k+1

We remark that the estimates (7.6), (7.7), (7.10) and (T7.11)

1 for positive as well as for negative eigenvalues A.

Joper and lower bounds for the eigenvalues of L

The second order Richardson method may be used to compute upper

lower bounds for the first eigenvalue of L.

: is an estimate for the eigenvalue Aj of L and v 1is a
'tion 1n which the eigenfunction e, corresponding to A

Suppose A
1 1s strongls
lnating. Such a situation can be obtained by the method described

:he preceding sections. We try to eliminate the eigenfucntion e,

1 v by applying to v the operator CK*(a*;b,L), with

) a. = , b =o0o(L).

12 the second order process, the first zero of the polynomial
V) = Ck(a:;b,k) is given by

k) =-% (b + a?j - %-(b - a?)cos -

A ok °

of

re substituting (8.71) yields




-, oo, m i
AT(1 + cos EEJ + bicos —< - cos EE)
2K1
) A (k) = : .
0 1 + cos S

2K1

onsider the difference AA = Ao(k1) - Ao(kg) i.e. the distanc

een the first zeros of the polynomial Ck(aT;b,A) after Ki an

ations. From (8.2) we obtain

1 1 = T o=
_ sin ﬂ'WkET + EE)J - 51n]‘LL n(kz - E:ﬂj
) A = 2(b = A.)
1 "
1 + cos B
2K1

the zero A "passes" the eigenvalue A, an estimate of the 4
avalue, such as given in section 7, will show a maximum. for
b H

at A, is dominating. Suppose that this maximum is assumed be
’ \th .| . ;
K1th and kgth = (k1 + 2) h iteration, then we have

~

Ao(k] +2) << Aol ),
2 AO(K1 + 2) and A0<k1) follow trom (8.2).
(8.3) we can derive an estimate for A\ = Ao(k1) - AO(K] + 2

> 1. We obtain
-1y - 2, =3
) AN = 5 (b A1) m \k1) .

| is areasonable estimate we have K1 = k hence

12
| — 2, e ="
( 3

) sh=g (b= X)) n7(K])7.

'fore 1f we desire a certain accuracy AN, we must choose

Kw'é-i (b B Ai HE)T/S
1 2 AX )




22

AX
& ?
1 Y T 3 A
. o
Ao(k] 2) A] Ao(k])
fig. L
If one desires to determine also higher eigenv: one has to
rulate XT with great accuracy to accomplish a re: Le exact

nination of the first eigenfunction.




ndix
In the preceding sections we have assumed that the matrix [, was
etric. Then the operator PK(L) was also symmetric, hence
o(Pp(L)) = [ [P (L) ][],
e || || denotes the inner-product norm of the matrix PK(L).
Euclidean norm of the error Vi satisfies the ilnequality

oI < TRty [ [vgl | = o(p (L)) |v

0!

efore 1t was lmportant to construct polynomials PK(L) with small
tral norms (compare section 1).

In our method we used two properties of L, namely that L had real
avalues and a complete set of eigenfunctions. Hence our method is
lcable not only to symmetric matrices L, but also to non-symmetric
ices with the two properties mentioned above.

Let us now consider matrices L, which have positive eigenvalues
possibly one or two negative elgenvalues), and which have not
ssarily a complete set of eigenfunctions. We may again construct
>erator PK(L) with a small spectral norm, however this doesn't
intee that the inner-product norm (or another norm) 1s small.
1s apply the operator PK(L) n times to vy to get

_ .n,
vk = PKQL)VO,

1at

v el 1< 1R vy

- well-known that \|P§(L)§! converges to zero for n » « if and only
PK(L)) < 1. Hence by repeating the operator PK\L) we may solve

X equations Lu = f, where L is only required to have positive and
negative eigenvalues. (We remark that in this case it is not

s possible to estimate the dominating eigenvalues during the first

of our method.)
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